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Abstract 



Building on the first variational formula of the calculus of variations, one can de- 
rive the energy-momentum conservation laws from the condition of the Lie derivative 
of gravitation Lagrangians along vector fields corresponding to generators of general 
covariant transformations to be equal to zero. The goal is to construct these vector 
fields. In gauge gravitation theory, the difficulty arises because of fermion fields. Gen- 
eral covariant transformations fail to preserve the Dirac spin structure Sh — > X on a 
world manifold X which is associated with a certain tetrad field h. We introduce the 
universal Dirac spin structure S — > E — > X such that, given a tetrad field h : X — ► E, 
the restriction of S to h(X) is isomorphic to Sh- The canonical lift of vector fields on 
X onto S is constructed. We discover the corresponding stress-energy-momentum con- 
servation law. The gravitational model in the presence of a background spin structure 
also is examined. 

1 Introduction 

There are several approaches to discovering energy-momentum conservation laws in gravi- 
tation theory. Here we are concerned with the gauge gravitation model of classical fields 
represented conventionally by sections of bundles Y — > X over a world manifold X. In the 
framework of this model, the first variational formula of the calculus of variations can be uti- 
lized in order to discover differential conservation laws. This formula provides the canonical 
decomposition of the Lie derivative of Lagrangians along vector fields of infinitesimal gauge 
transformations into the two terms. The first one is expressed into the variational deriva- 
tives and, therefore, vanishes on shell. Other is the divergence d\T x of the corresponding 
symmetry flow T. If a Lagrangian is gauge-invariant, its Lie derivative is equal to zero and 
the weak conservation law 



» d x T 
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takes place. When gauge transformations involve diffeomorphisms of a world manifold, i. 
e., their generators are the lift of vector fields r on X onto Y, we have the stress-energy- 
momentum (SEM) conservation law ([!]) j|, |5], [7|, |9|, |2l) . 



In the model of metric gravity without matter [HJ, the SEM conservation law (|T|) occurs 
due to invariance of the Hilbert-Einstein Lagrangian under general covariant transforma- 
tions. It takes the form 

w d x T\ T x « c^f/^, (2) 

where 



2k 

is the well-known Komar superpotential. By V are meant the covariant derivatives with 
respect to the Levi-Civita connection of a metric g. 

The same conservation law has been discovered in the Palatini model whose Lagrangian 
is an arbitrary function of the scalar curvature of a torsionless connection on X 0. 

The affine-metric gravitation theory with tensor matter fields also has been considered 
P, H 0- 111 case °f a Lagrangian expressed into the curvature tensor of a general 

linear connection K on X, the SEM conservation law is brought into the form (|2]) where 

U * = 2 ^ L ( d ^ a + ( 3 ) 

is the generalized Komar superpotential. 

In gauge gravitation theory, the difficulty arises because of Dirac fermion fields. These 
fields admit the Lorentz gauge transformations only and, therefore, they are described in 
a pair with a certain tetrad field h on X by sections of the corresponding spinor bundle 
Sh —>■ X. Recall that tetrad fields constitute the 2-fold covering of pseudo-Riemannian 
metrics on X. Since active general covariant transformations alter metrics on X, they do not 
preserve spinor bundles Sh — > X. We thus face the problem how to construct the appropriate 
lift of vector fields on X onto spinor fields in order to discover the SEM conservation laws. 
The solutions may be the following. 

(i) The "world" spinors are considered. They carry representation of the universal cov- 
ering 51(4, R) of the group SX(4, R) pf . 

(ii) The total system of fermion-gravitation pairs is described []5], ^|, |2TJ]. In the present 
work, these pairs are represented by sections of the composite spinor bundle S —>■ X —>■ X 
where £ — ► X is the bundle of tetrad fields on X p2| , p4j . We show that gauge theory on this 
bundle is reduced to the affine metric-gravitation theory in the presence of fermion fields. 
We construct the canonical lift of vector fields r on X onto the spinor bundle S and, as 
a result, come to the energy- momentum conservation law (0) where U^ x is the generalized 
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Komar superpotential (|3]) with accuracy to the standard term which is related to particular 
choice of the Lepagean equivalent of a Lagrangian (see QTTj) ) . 

(iii) Given a tetrad field h, nonvertical gauge transformations which keep h are considered. 
As a result, we come to the affine- metric modification of the relativistic theory of gravity by 
A.Logunov [13|, [14| where independent dynamic variables are non-metric gravitational fields 
and world connections on X in the presence of a background pseudo-Riemannian metric 
g. The Lagrangian of this model, by construction, is invariant under the above-mentioned 
gauge transformations, but not the general covariant transformations. As a consequence, the 
total energy-momentum flow is the sum of the superpotential term and the metric energy- 
momentum tensor. It is conserved if g is the Minkowski metric. 

Troughout, X is a locally compact paracompact oriented connected 4-manifold. It is 
assumed to be noncompact and parallelizable in order that a pseudo-Riemannian metric, a 
spinor structure and a causal space-time structure can exist on X. 



2 Conservation laws 

Differential operators and the Lagrangian formalism on sections of bundles are phrased 



conventionally in the terms of jet manifolds |18|, |23], |24], p6| . 

As a shorthand, one can say that the fc-order jet manifold J k Y of a bundle Y — > X 
comprises the equivalence classes j k s, x e X, of sections s of Y identified by the first k + 1 
terms of their Taylor series at a point x. Given bundle coordinates (x x ,y l ) of Y — > X, the 
fc-jet manifold J k Y is provided with the coordinates (x x , y l , y\, y\ , . . . , 2/ai— A fe ) where 

(y\y\,...)(j k x s) = (s\x),d x s\x),...). 

We are concerned with the first order Lagrangian formalism on the configuration space 
J l Y coordinatized by (x x , y l , y\) together with the affine transition functions 

A first order Lagrangian on J l Y is defined to be a horizontal density 

L = y\ yfyuj, uo = dx° A • • • A dx 3 . (4) 

Differential conservation laws in classical field theory are derived from the condition of 
Lagrangians to be invariant under 1-parameter groups of gauge transformations. 

By a gauge transformation is meant an isomorphism $ of the bundle it : Y — ► X over 
a diffeomorphism / of X which sends the fibres tt~ 1 (x) onto the fibres 7r _1 (/(x)). Every 
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1-parameter group G[a] of isomorphisms of Y — » X over diffeomorphisms f[a] of X yields 
the complete vector field 

u = u x {x»)d x + u l {x^ y j )d t (5) 

which plays the role of the generator of G[a\. This vector field is projected onto the vector 
field t u = u^d^ on X which is the generator of f[a\. For instance, if G[a] is the group 
of vertical isomorphisms over Idx (or simply over X), the vector field ([5]) is vertical one 
u = u l (y)di. Conversely, one can think on an arbitrary projective vector field u (|) on a 
bundle Y as being the generator of a lokal 1-parameter groupof local isomorphisms of Y. 

Given such a group G[a], the Lie derivative L U L of a Lagrangian L along its generator u 
is equal to zero iff L is invariant under G[a}. 

To calculate the Lie derivative L U L of the Lagrangian @ along the vector field u (H), 
one utilizes the canonical lift 

fu = u x d x + u% + (d x u l - yfau^d? (6) 

of u onto J X Y where d\ = d\ + y\di + y\\df denote the total derivatives. We have 

L U L = [d x u x C + (u x d x + u% + (d x u l - y ;d x und x )C]uj. (7) 

The first variational formula provides the canonical decomposition of the Lie derivative 
(0) in accordance with the variational task. This decomposition takes the coordinate form 

d x u x C + [u x d x + u l d t + (d x u l - y ;d x und x ]C = (8) 
(u* - yXM - d x d x )C - d x [n x (u% - u*) - u x C] 

where 

8iC = (d, - d x d x )C (9) 
are the components of the Euler-Lagrange operator and 

T = T x lo x = [7r x (u%-u l )-u x C}uj Xl n x = d x C, oo x = d x \uj, (10) 

is the symmetry flow along the vector field u. 

It should be emphasized that the symmetry flow T in the first variational formula (H) is 
not defined uniquely. It has the general form 

T x = [n x (u% - u*) - u x C] + d^{yiu v - «')] (11) 

where c X>1 = — cf A are arbitrary skew-symmetric functions on Y which correpond to different 
Lepagean equivalents of the Lagrangian L. The flow fllCf ) corresponds to choice of the 
Poincare-Cartan form as the Lepagean equivalent of L. 
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The first variational formula (j||) on shell 

(d t - d x d x )C = (12) 
comes to the weak transformation law 

d x u x C + [u x d x + u% + (d x u* - y^d x u»)d x ]C « -d x [>K X {u% - u>) - u x C\. (13) 
If the Lie derivative L U L (|7]) vanishes, we obtain the conservation law 

0^d x [4(u%-u*)-u x £]. (14) 
On solutions s(x) of the differential Euler-Lagrange equations 

d { £ - (d x + d x s>d 3 + d x d^d»)d x C = 0, (15) 
the weak identity (fL4|) comes to the differential conservation law 

0^-^(n x (u^s l -u l )-u x £). 

3 Conservation laws and background fields 

Gauge symmetries of Lagrangians are broken in the presence of background fields. 

We restrict ourselves to the direct product Y tot = Y x Y' of a bundle Y whose sections 
are dynamic fields and a bundle Y' whose sections play the role of background fields. Let 
Y and Y' be coordinatized by (x x ,y l ) and (x x ,y A ) respectively. A total Lagrangian L of 
dynamic and background fields is set on the configuration space J l Y tot . Dynamic fields are 
assumed to live on shell (|T2D, whereas the background fields take the background values 

y B = <P B (x), y B = d x cf> B (x). (16) 

Let us consider projectable vector fields 

u = u x {x)d x + u A {x^ y B )d A + u\x», y B , y^fy (17) 

on Y tot — > X which are projectable onFx7'-> Y', for gauge transformations of background 
fields do not depend on dynamic fields. Substituting flTTD into (|[), we find the first variational 
formula in the presence of background fields. This formula on shell ( O) of dynamic fields 
results in the weak identity 

d x u x C + [u x d x + u A d A + u% + (d x u A - y^d x u")d x A + (18) 
(d x u l - y^d x u»)d x ]C « -d x [7r x (u% - u l ) - u x C] + 
(u A - y A u x )d A C + n x d x (u A - y A u»). 
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In practice, total Lagrangians, by construction, are invariant under gauge transforma- 
tions, and their Lie derivatives along the corresponding vector fields ( |TTD are equal to zero. 
In this case, the identity ( JIB| ) is reduced to the transformation law 

« -d x [^(u% - u { ) - u x C] + (u A - yfu x )d A C + n x d x (u A - y A u») (19) 

where the two last terms characterize disturbance of the conservation law (|14]) in the presence 
of background fields (|16D . 



4 SEM conservation laws 



It is readily observed that the transformation law (jl3D is linear in a vector field u. Therefore, 



one can consider superposition of the transformation laws along different vector fields. 

For instance, every vector field on Y projected onto a vector field r on X is the sum of 
the lift of r onto Y and of a vertical vector field on Y. It follows that every transformation 
law flT3|) derived from the first variational formula (^) appears to be superposition of (i) the 
Noether type transformation law 

[u% + dxtfd^C « dxi^ij) (20) 

for the Noether flow 

T A = -7T.V (21) 

along a vertical vector field and of (ii) the SEM transformation law along the lift of a vector 
field r on X onto Y 0, |, [25[ . 



A vector field r on X gives rise to a vector field on a bundle Y — > X only by means of a 
connection on Y. 

We follow the definition of connections on a bundle as sections 

r = dx x ® (d x + T\di) (22) 

of the affine jet bundle J l Y —>■ Y. For instance, a linear connection K on the tangent bundle 
TX of X and the dual connection K* on the cotangent bundle T*X read 

Kl = -K a u x(x)x», K* aX = K\ x (x)x u (23) 

where x v and x v are induced coordinates with respect to the holonomic frames {d u } and 
{dx u } in TX and T*X respectively. We shall call (p3| ) the world connections. Difference of 
two connections T and V (^) is a soldering 1-form 

r-V= (r\ - r'i)dx x ® 9, 
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on Y which takes its values into the vertical tangent bundle VY of Y. Every connection T 
yields the first order differential operator 



D : J X Y — > T*X ®VY, D = (y{ - T\)dx x <g> d h (24) 



on Y called the covariant differential with respect to Y. 
Let t = r^d^ be a vector field on X and 



rr = rjr = r^ + r^) (25) 



its horizontal lift onto Y by a connection T ( p2p on Y. The weak identity ([13| ) along the 
vector field ( p5| ) takes the form 

L Tr L « -d A (r"T r \)cu (26) 
fyr^C + [r^ + rT^ + (rf A (r^r;) - y^r")^ « 

-4kV(2/;-r;)-^V£], 

where 

Tt\ = rt(yl - ry - s*c (27) 

is termed the SEM tensor relative to the connection T P, [7|, p| pTT| . 

To obtain SEM conservation laws, one may choose different connections T for different 
vector fields r on X and for different solutions of the Euler-Lagrange equations. The SEM 
flows 7p and Tp' relative to different connections T and T' differ from each other in the 
Noether flow (^I|) along the vertical vector field u = T M (r^ — T'^). 

If all vector fields r on X gives rise onto Y by means of the same connection T, the 
transformation law (|26|) is equivalent to the system of weak equalities 

(d, + r;«9, + d x r$)c « -d A r r \. (28) 

For instance, let us choose the trivial local connection To^ = 0. In this case, the identity 
(|26| ) recovers the well-known transformation law 

^ + S»V,W»0 (29) 
of the canonical energy-momentum tensor 

T \( S ) = - 

which however fails to be a true tensor. At the same time, the transformation law (^) on 
solutions s of the differential Euler-Lagrange equations (|T^) is well-defined. It issues from 
the identity (E6|) when, for every solution s, we choose the proper connection T such that s is 
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an integral section of T, i. e., T^os = d li s i . The transformation law fl29|) does not contain the 
Noether flows associated with vertical gauge transformations. Each transformation law (|28| ) 
on solutions s of the differential Euler-Lagrange equations ( JJ~5| ) represents a superposition 
of (^) and the transformation law 

(r^ + d.r^c^d^ri). (so) 

The latter looks locally like the Noether transformation law (^) where u % = T M r^, but the 
entity r M 7T^r* is not well-behaved. At the same time, if the Lie derivatives of a Lagrangian 
L along all local vector field r M r^ vanishes, one can equate the left-hand side of fl30|) to zero. 

Building on this fact, one can use invariance of Lagrangians under vertical gauge trans- 
formations, e. g., under internal symmetry transformations in order to simplify SEM con- 
servation laws. If a Lagrangian is not invariant under internal gauge transformations, the 
total Lie derivative does not vanish and the SEM flow fails to be conserved in general. 



5 General covariant transformations 

Generators of general covariant transformations exemplify the bundle lift of a vector field r 
on X by means of the proper connection. 

Let LX — > X be the principal bundle of oriented linear frames in the tangent spaces to 
a world manifold X. Its structure group is GL 4 = GL + (4,R). Let T denote the bundles 
associated with LX. They are exemplified by tensor bundles 

m k 

T= (®TX)®(®T*X). (31) 

Recall that a structure group G of a principal bundle Tip : P — > X acts canonically on P 
on the right 

rg-.p^pg, Tc P (p) = 7T P (pg), peP, geG. (32) 

Accordingly, every P-associated bundle Y — > X with a standard fibre V is isomorphic to the 
quotient Y — (P x V)/G with respect to identification of elements (p,v) and (pg,g~ 1 v) for 
all g G G. Isomorphisms $ of a principal bundle P, by definition, are equivariant under the 
canonical action ([32]), that is, r 9 o$ = $or 9 . They generate the corresponding isomorphisms 

$ y : (P x V)/G -> ($(P) x V)/G (33) 

of bundles Y associated with P. 

Turn to the principal frame bundle LX. With respect to holonomic frames {d^}, every 
element {H a } of LX takes the form H a = S^ad^ where S^a are matrices of representation 
of the group GP 4 in R 4 . They constitute the bundle coordinates 

(t- x ^ ^ — — ^ <? A 

\X ,D a ), O a — ^ O a , 
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of LX. Relative to these coordinates, the canonical action fl32|) of GL4 on LX reads r g : 
S» a ^ S%g\. 

The percularity of the frame bundle LX — > X lies in the fact that every diffeomorphism 
f of X gives rise canonically to the isomorphism 

/:(x A ,5 A a )^(/ A (a;),^/ A ^ a ) (34) 

of LX and to the corresponding isomorphisms (^) of associated bundles T. These iso- 
morphisms are called the general covariant transformations or the holonomic isomorphisms 
because they send holonomic frames onto holonomic frames. 

The lift fl34]) implies the canonical lift f of every vector field r on X onto the principal 
bundle LX and the associated bundles. This lift takes the form 

f = r»d„ + [d^xj^ + ...- d,yxXX - . . (35) 



on the tensor bundle (|3T| ) and, in particular, 



r = r^ + ^r^A ? = T ^ _ dffI * ±v A_ (36 ) 

on the tangent bundle TX and the cotangent bundle T*X respectively. 

In fact, the canonical lift f fl35|) is the horizontal lift ( p5|) by means of the world connection 
(123|) which meets horizontal vector field d^r^ = —K^\ fl T X . 

One can construct the horizontal lift tk of a vector field r on X onto LX by means 
of any world connection K. Such a lift is the generator of nonholonomic isomorphisms of 
LX. Transformations of this type are called into play in the framework of gauge theories 



of the general linear group GL 4 |L2|. At the same time, the term —y^dxu^d^ in the jet lift 



(U) of a vector field on a bundle Y is exactly the canonical lift fl36Q . This is the reason 

why we should consider the canonical lift f of vector fields on X onto the LX-associated 

2 

bundles T, in particular, onto the bundle S 5 C VTX of pseudo-Riemannian metrics on X. 
Indeed, gravitation Lagrangians are not invariant under nonholonomic gauge transformations 
in general. 



6 Superpotential 

The main percularity of SEM conservation laws along generators of general covariant trans- 
formations consists in the phenomenon that the corresponding SEM flow is reduced to the 
sum of a superpotential term and a terms which displays itself only in the presence of a 
background metric on X. 
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To illustrate clearly this phenomenon, we consider tensor fields. Let T be a tensor bundle 
coordinatized by (x x ,y A ) where the collective index A is employed. Given a vector field r 
on X, its canonical lift f Q3"5| ) on T reads 

f = r x d x + u A %T a d A . (37) 

In this case, the strong equality L~L = and the weak identity ([[4]) take the coordinate 
form 

d a (r a C) + u A %r a d A C + d> A ^r>£ " V%r a ^ A = 0, (38) 
« d x [gn x (y A r a - u^r a ) - r A £]. (39) 



Due to the arbitrariness of the functions r a , the equality ( |38"D is equivalent to the system of 
equalities 

d x C = 0, (40a) 
5^ + u^ x /: + d>*M) = pM, (40b) 
« A M + = 0. (40c) 

Substituting the relations (|40b|) and ( [40 c|) into the weak identity fl39|) , we get the conser- 
vation law 

« rf A N A ^ A £r Q + ^(li^r )] (41) 

where 8 A £. are the variational derivatives A glance at the expression ( 41) shows that 
the conserved flow on shell takes the form 

T = W + d H U, T x = (W x + d^), U Xt * = -U^, (42) 

where W ~ and 

U x »(t) = u AX 7r^r a . (43) 

is a superpotential. It is readily observed that the superpotential ( f43|) arises since the lift f 
(|37|) depends on the derivatives of the components of the vector field r. At the same time, 
dependence of the superpotential (|]) on the vector field r reflects the fact that the SEM 
conservation law (^2[) is maintained under general covariant transformations. 

Also in gauge theory, if vector fields (||) depend on derivatives of the parameters of 
gauge transformations, the conserved flow T is brought into the form For instance, 

the conserved flow —T x (O) in electromagnetic theory is the familiar electric current, the 
superpotential Airll^ consists with the electromagnetic strength, and the relations ( |42"D are 
exactly the Maxwell equations. 

Let us consider now tensor fields in the presence of a background pseudo-Riemannian 
metric on a world manifold X. The total configuration space of this model is the jet manifold 
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J X Y of the product Y = T x S 9 coordinatized by (x x , y A , a^ v ). Given a vector field r on X, 
its canonical lift onto Y reads 

r = r A 9 A + u A %r a d A + + d v T P a va )d a p. (44) 

Let the total Lagrangian L of tensor fields and a metric field be invariant under general 
covatiant transformations. Its Lie derivative along the vector field ( fHf ) is equal to zero. 
Then, we have the system of strong equalities 

(d u r a a^ + d v ^a va )d a pC + SiC + u A i5 A C + = fM> ( 45a ) 

w^M + = 0, (45b) 



and the weak transformation law ( |T9| ) which restricted to = g^(x) takes the form 

« -d A [4(^r Q - u^fyr ) - r A £] + (^r^^ + <W° - d x g^r X )d aP C (46) 
Substituting (f45a|) and (|45b|) into (flBj), we get the transformation law 



~ -dx[rn x J\ g \ + u AX J A Cr a + d^MOl + d x r^\ 9 I + r%^J\ g |{V> 
where 



i%yJ\g\ = 2grd aP C (47) 

is the metric energy-momentum tensor of tensor fields. A glance at this transformation law 
expression shows that the SEM flow of tensor fields in the presence of a background metric 
is the sum 



of the metric energy- momentum tensor i A and the superpotential fl43|) . The latter does not 
make any contribution into the differential transformation law which takes the familiar form 
V A ^ « 0. 

At the same time, if a metric field is dynamic, the metric energy-momentum tensor (|47|) 
on shell comes to zero. Thus, we observe that the local part of the SEM flow in gravitation 
models displays itself only if symmetry under general covariant transformations is broken. 
This is the phenomenon of " hidden" energy. 



7 Energy- momentum of affine-metric gravity 

As we show below, gauge gravitation theory is reduced to the affine-metric gravitation model 
in the presence of fermion fields. Therefore, let us consider briefly the SEM conservation laws 
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in the affine-metric theory of gravity without matter where dynamic variables are a pseudo- 
Riemannian metric and a world connection on X || ID] . Being principal connections on 



LX, the world connections are represented by sections K of the quotient bundle 

C := J 1 LX/GL 4 -> X. (48) 

This bundle is coordinatized by (x x ,k l/ a \) so that k v a \ o K — K v a \ are coefficients of the 
world connection K ( p3|) [p3| , j24fl . The bundle C (|8|) is not associated with LX, but it is an 
affine bundle modelled on the vector bundle associated with LX. There exists the canonical 
lift 



of a vector field r on X onto C. 

The total configuration space of affine-metric gravity is the jet manifold J X Y of the 
product Y = £ 9 x C coordinatized by (x A , <7 a/ , k a p\). Given a vector field r on X, its 

canonical lift onto this product reads 

r = r x d x + (a^d u r a + a av d u r P ) + (49) 
[d„r a k»^ - d^k%, - d^k a Pv - <^r a ]-|-. 

For the sake of simplicity, let us utilize the compact notation 

f = T X d X + {u A %T a - U A fd e pT a )d A . 

We assume that a Lagrangian density Lam of affine-metric gravity depends on the cur- 
vature tensor 

R a /3ux = k a p\ v — k a /3 U \ + k a ev k £ p\ — k a £ \k £ p u . (50) 
Then, there are the corresponding relations 

^ = */ vX k\x - ircTW*, = ~^ Xv . (51) 

OK p v 

Let L~Lam = 0. We get the weak conservation law 

« d x [^(u A %r a - u A fd £f3 r a - y A r a ) + r x C] (52) 

where 

TT-e A/3 _ l^e-yP _ Pfieua- _ _ 7^{.ff — f) fen . „ _ ~ lPeh,(r 
n A a a — "a "'7/1 °" a ^ cx ™ 70 — l/q *-AM ' l <j ^ 7a 
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and the strong equality 

+ V=gTg + u A id A C AM + d,(u A i)^ A = y A ^ A (53) 

where one can think of 

y/=gT£ = 2a^d va C 



i/«*-AM 

as being the metric energy-momentum tensor of world connections. 

Substituting y A n A from the expression (|53|) into the conservation law (|52|), we bring the 
latter into the form 

« -dxW=gT*T a - 7T A (u A %T a + U A fd £p T a ) + U AX a T a d A C AM + <K^{u AX a )T a }. 

After separating the variational derivatives, we find that the SEM conservation law (0) of 
affine-metric gravity comes to the superpotential form 

w -d x [2g^r a 6 afl C AM + (k\^C AM - k\^C AM - k%J^ x C AM )r a - 

5 a EX C AM d £ r a + d,{5 a ^C AU )r a + d.U^]. (54) 

where U is the generalized Komar superpotential ([3]). 

Let us now consider the total system of the affine-metric gravity and, e.g., a covector 
Proca field coordinatized by y^ = x^. Proca fields can model the gauge potentials when 
internal symmetries are ignored. In virtue of the relation ( [40c[ ), the Lagrangian Lp of Proca 
fields depends on the strength 

where VL a v ^ = k a Ufl — k° is the torsion tensor. In this case, the superpotential term in 
the energy- momentum flow of the Proca fields (see (|4"3"D) is eliminated due to the additional 
contribution —d^(d a Xfl CpT a ). The total SEM conservation law of affine-metric gravity and 
Proca fields takes the form fl54 ) where Lam is replaced with Lam + Lp, but U remains the 
generalized Komar superpotential @. We observe below that also fermion fields do not 
contribute into the total SEM flow because of interaction with a torsion. 



8 Gauge gravitation theory 

In gauge gravitation theory, a gravitational field appears as a Higgs field corresponding to 



spontaneous symmetry breaking because of the Dirac fermion fields pT |. 

We describe Dirac fermions as follows || [Ll| |2IJ. Given a Minkowski space M, let Ci 3 
be the complex Clifford algebra generated by elements of M. A spinor space V is defined to 
be a minimal left ideal of Ci 3 on which this algebra acts on the left. We have representation 



13 



7 : M ® V — > V of elements of the Minkowski space M C Ci^ by the Dirac's matrices 7 on 
V. Let us consider the pairs (/, l s ) of the Lorentz transformations / of the Minkowski space 
M and the invertible elements l s of Ci i3 such that 

-f(lM®l s V) = l sl (M®V). 

Elements l s constitute the Clifford group whose action on M however is not effective. We 
take its spin subgroup L s = SL(2, C) with the generators 

lab = |[7a,7&]- 

Let us consider some bundle of Clifford algebras 03,1 over a world manifold X. Its 
subbundles are both a spinor bundle Sm X and the bundle Ym —> X of Minkowski spaces 
of generating elements of C^i. To describe Dirac fermion fields on a world manifold X, the 
bundle Y M must be isomorphic to the cotangent bundle T*X of X. It takes place if the 
structure group of LX is reducible to the connected Lorentz group L and LX contains a 
reduced L-principal subbundle L h X such that 

Y M = (L h X x M) /L. 

In this case, the spinor bundle 

Sm = S h = (P h x V)/L, (55) 

is associated with the L s -lift P h A L h X of L h X. 

In accordance with the well-known theorem, there is the 1:1 correspondence between the 
reduced L subbundles L h X of LX and the global sections h of the quotient bundle 

S := LX/L -> X (56) 

with the standard fibre GL 4 /L. This bundle is the 2-fold covering of the bundle S 9 of 
pseudo-Riemannian metrics. Its sections are called the tetrad fields. 

Every tetrad field h defines an associated Lorentz atlas ^ h of LX such that the corre- 
sponding local sections of LX take their values into L h X. Given ^> h and a holonomic 
atlas \& = {ipt} of LX, the tetrad field h can be represented by a family of local GL A - valued 
tetrad functions 

h ( = ^ozl dx x = h x a (x)h a , g^ = Khl V ab . (57) 
For every tetrad field h, there exists representation 

lh : T*X ®S h = (P h x (M ® \/))/L s -> (P h x 7 (M ® \/))/L s = S h (58) 
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of covectors to a world manifold X 4 by the Dirac's 7-matrices on elements of the spinor 
bundle Sh- Relative to an atlas {zg} of Ph and the associated Lorentz atlas {z^ = z o z^} of 
LX, the representation (EST) reads 



l h {h a ®y A v A {x))=i aA By B v A {x) 
where {va{x)} are the corresponding fibre bases for Sh- As a shorthand, we write 

dx x = lh (dx x ) = h x a (xh a . 



One may say that the representation (|5q) sets a Dirac spin structure on a world manifold. 
Sections iph of the spinor bundle Sh describe Dirac fermion fields in the presence of the tetrad 
field h. Indeed, let A h be a principal connection on Sh and 

D : J l S h -> T*X ® 5 fc , 
D=(y£- A ab x I ab A B y B )dx x <g> 

the corresponding covariant differential (0). Then, the first order differential Dirac operator 

V h = lh oD: J l S h -> T*X ® S h -> S-fc, (59) 

!/ A oP, = h^B^ - A a \l ab A B y B ), 

is defined on S^. 

The crucial point lies in the fact that, for different tetrad fields h and h', the represen- 
tations 7h and 7^ fl5"8|) are not equivalent. Given two reduced Lorentz subbundles L^X 



and L h ' X, there exists the vertical isomorphism $ of the bundle LX which sends L h X onto 
L h ' X. However, it does not gives rise to a morphism $ s : Ph — > -FV in general. Moreover, 
the bundles L^X and L^'X (accordingly, and S^) are not the equivalent locally triv- 
ial bundles since the union of their atlases fails to be an atlas with the Lorentz transition 
functions. This is the fact that characterizes the symmetry breaking picture in gravitation 
theory and the physical nature of gravity as a Higgs field. 

We may follow the general procedure of describing spontaneous symmetry breaking in 



gauge theory [22, 24]. Since different tetrad fields h and hi define nonequivalent represen- 
tations jh and 7^', each Dirac fermion field is regarded only in a pair with a certain tetrad 
field h. There is the 1:1 correspondence between these pairs (iph, h) and the sections of the 
composite spinor bundle 

S -> £ -> X (60) 

where S is the quotient bundle QSEp . This spinor bundle is defined as follows . 

Given the trivial L-principal bundle LX —>■ S, let us consider the L<,-principal bundle 
Py, — > S which is the 2-fold covering ^LX of LX. In particular, there is imbedding of 



15 



the L s -lift Ph of L h X onto the restriction of Ps to h(X). Remark that the bundle Ps — ► X 
is not diffeomorphic to the universal covering of LX with the structure group GL(4, R). 
The composite spinor bundle S — > E (pO) is defined to be the Ps associated bundle 



S = (P s x F)/L s . 

One may say that the bundle (|60|) introduces the universal Dirac spin structure on a world 
manifold since, given a global section /i of E, the restriction of Ss to h(X) is somorphic to 
the spinor bundle Sh (|55|)- 

Let us provide the principal bundle LX with a holonomic atlas {ip^, Lg} and the principal 
bundles Ps and LX — > E with associated atlases {z s e1 U e } and {2 e = zoz s e }. Relative to these 
atlases, the composite spinor bundle S is endowed with the bundle coordinates (x A , a%, ip A ) 
where (x x ,a%) are coordinates of E such that a% are the matrix components of the group 
element (ip^oz e )(a), o G U e , n^xi^) G L^. Given a section ft, of E, we have (cr A oft)(x) = h x (x) 
where h x (x) are the tetrad functions (|57|) . 



Let us consider the bundle of Minkowski spaces 

(LX x M) /L -> E 

associated with the L-principal bundle LX — > E. Since it is isomorphic to the pullback 
E x T*X, there exists the representation 

7s : T*X ® S = (P E x (M ® F))/L s ^(P s x 7 (M ® K))/L s = 5, (61) 

rfx A = 7s (cb A ) = a A 7 a . 

This representation restricted to h(X) C E recovers the morphism 7 ^ (0). We are based on 
this representation in order to construct the total Dirac operator on the composite spinor 
bundle S (0) as follows. 

Every principal connection 

A = dx x ® {d x + Afd B ) + daZ ® (9; + (62) 

on the bundle S — > E yields the first order differential operator 

D : J X Y -> T*X®S, 

P = dx A ® (Vif - If - A b Xa)^b (63) 



on S |22], |24j . Let h be a global section of E and Sh the restriction of the bundle S — > E to 
h(X). The corresponding restriction of D to J 1 ^ C S" 1 !^ recovers to the familiar covariant 
differential on Sh with respect to the connection 

A h = dx x ® [9 A + (If + A b "9 a ^)9b]. (64) 
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Building on the representation fl6T|) and the differential ( J63|) , we construct the first order 
differential operator 

V = 7s o D : J 1 ^ -> T*X <g> 5 -> 5, 

s 

^ o 2? = oiyVv? - if - a b Xa)> 

on S*. One can think of X> as being the total Dirac operator since, for every tetrad field 
h, the restriction of T> to J 1 ^ C J 1 ^ comes to the Dirac operator 2\ ( |59"D relative to the 
connection (|64|) on the bundle SV 



Let us choose the principal connection A (62) on given by the following coefficients 
of the local connection form: 

A = (A ab ,dx» + A a %d^) ® J ab , I a V = l -K\y c { v ca °l - V cb <), (65) 

^=ifo~^ (66) 

where K is a world connection on X and fl66|) corresponds to the canonical left-invariant 
free-curvature connection on the bundle GL4 — > GL^/L. The corresponding differential .D 
( |63| ) reads 

D = dx x ® [d x - ~A a6 *« A + K^ x a v c )I ab A B ^ B d A \. (67) 



Given a tetrad field h, the connection A ( |65D is reduced to the principal connection 

J? a \ = ^(d A /^ + i^ A /^ 

on Sh, and the differential ( pTf ) comes to the covariant differential of Dirac fermion fields in 
the presence of the tetrad field h and the world connection K [JX|, [TJ| As a result, gauge 



gravitation theory is reduced to the model of amne-metric gravity and fermion fields. 
The total configuration space of this model is the jet manifold J l Y of the bundle 

Y = CxS®S + (68) 

s s 

coordinatized by (x M , cr£, k fl u x, ip , iPa)- The total Lagrangian on this configuration space is 
the sum 

L = L A m + £y> ( 69 ) 
of (i) the affine- metric Lagrangian LA M (R a ^ u x, a^) expressed into the curvature tensor R a f3 V \ 
( |50| ) and the metric tensor a^ u = a^alrj ab and (ii) the Lagrangian of fermion fields 

L* = ClpWlYs^ - + k^ c )I ab B c ^ C ) - (70) 

~ l^l^cx + ^,A<)^/+^)( 7 °7 A )%^] - 



^A(7°)V B }^/kiw 
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where 7 M = u^ a and a = det(a At ^). One can easily verify that 

d£ip d£ip 



that is, the Lagrangian (|70|) depends on the torsion of world connections fc. 

9 Energy- momentum of gauge gravity 

Recall: (i) that there is the 1:1 correspondence between the invariant vector fields on the 
groups L and L s and (ii) that, for every connection form on LX, its Lorentz-valued compo- 
nent restricted to L h X is a connection on L h X. Building on these facts, we can define the 
canonical lift 

f = T^dp + {d v T a k V ^ - dpT V k a u , - d^hTfi, - d^T a )-^— + (72) 

OK 

h b A B^ B d A + i: b A B ^ + A d B }. 

of a vector field r on X onto the bundle (^) . For the sake of simplicity, let us employ again 
the compact notation 

d_ 

The Lagrangian (^), by construction, is invariant under transformations of the holonomic 
atlases of the principal frame bundle LX (passive general covariant transformations acting 
on the Greek indices) and under transformations of the atlases of the principal bundle Ps 
and LX — > £ (passive Lorentz gauge transformations acting on the Latin indices). It follows 
that this Lagrangian is invariant under infinitesimal active gauge transformations whose 
generator is the canonical lift (|72|) and 

L~L = 0. (73) 

Then, the weak conservation law 

« d x [d\C AM (u A %r a - u A fd £ pr a - y A r a ) 

+ a^ r ° c ~ °- r } ~ W^ a ~ o^ Aa + ] (74) 

takes place. We have also the relations (|51|) and the relation 



f = T »d, + d v T»0l— + (u A %T a - U A fd el3 T a )d A . 
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Due to arbitrariness of the functions r a , the equality ([73) implies the strong equality 



53| ) where J \ g | is replaced by y | a | and the strong equality 

+ ^ + - g< + S A C^ - - - (75) 



where 



a dot ' 

Substituting the term y^dj^CpM from the expression (]53[) and the term 

from the expression (|75|) into the conservation law (0), we bring the latter into the form 
« d A [-<7 A r a ^£ - (A; V Q ^£ AM - k^S^C^ - ^V^AmK + 



a d&j, 



+d ^;- + ^ <)d ^ (76) 

In accordance with the relation (|7T|) , the last term in the expression (|76| ) is equal to zero, i. e., 
fermion fields do not contribute into the superpotential. It follows that the SEM conservation 
law ([FI]) comes to the form (^) where U is the generalized Komar superpotential (|3]). 

We thus may conclude that the generalized Komar superpotential (0) appears to be 
universal for several gravitation models. 



10 Relativist ic theory of gravity 

There is another lift $ of diffeomorphisms / of the world manifold X onto LX which preserve 
a given tetrad field h. In this case, we have 

lh (dx x ) - lh ($\dx») = $ A X 7 a - (77) 

It is readily observed that the Dirac operator (|59|) is not invariant under these transfor- 
mations. To overcome this difficulty, one may introduce an additional geometric field q 
represented locally by tensor functions g A M and then rewrite the Dirac operator into the 
form 

V* h = q\K 1 a D\ (78) 

which is invariant 
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under the transformations (|77|) . As a result, we get the affine-metric modification of the 
relativistic theory of gravity (RTG) |13| , [14| where independent dynamic variables are non- 



metric gravitational fields q and world connections r on X in the presence of a background 
tetrad (or metric) field, e. g. the Minkowski metric. Since the above-mentioned gauge 
transformations do not act on the indices of the background Minkowski metric i rf ,v and the 
low index \i of a gravitational field q x fl , it is the tensor field 

<T = trfeff* = H^ v ab (79) 

which perform contraction of indices in the Lagrangians of matter fields and world connec- 
tions. Thus, the tensor field (|79| ) plays the role of an effective metric. Obviously, it is not a 
true metric, for the coframes H a = H^dx 11 are carried by the 7-matrices 

lh (H a ) = h^Wh^KY 

with respect to the same representation as the coframes h a = h^dx 11 are done. At the same 
time, there always exists a pseudo-Riemannian metric g' such that g'^ u = q^ u . 

Note that additional tensor fields q and generalized tetrad fields H£ = q^ v h v a have been 



considered in the framework of both the GZ/4-gauge models [17], |T2| and the gauge model of 
the translation group where q describe deformations of a world manifold . 

Now let us describe our construction in details. Given a tetrad field h, let I\ be a principal 
connection on L h X extended to LX. Any 1-parameter group f[a] of diffeomorphisms of X 
whose generator is a vector field r on X gives rise to the local group of nonholonomic 
isomorphisms fr[ot] of LX whose generator is the vector field 

rr = r x (d x -T h ^ x S\ ° 



a 



on LX. Isomorphisms fr[cx] keep the Lorentz subbundle L h X and the tetrad field h. Given 
a 1-parameter group f[a] of general covariant transformations over diffeomorphisms f[a], 
its elements are represented by composition 

f[a] = *[a]ofr[a] (80) 

of fr[&] and the vertical isomorphisms $[a] of LX with the generator 

u = D v t»S\ i] 



dS^ a 



where by D v are meant the covariant derivatives with respect to the connection IV 

Recall the following. Let P — > X be a principal bundle with a structure group G and 
P —>■ X the associated group bundle with the standard fibre G on which the structure 
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group acts by the adjoint representation. Given a bundle Y associated with P, there is the 
canonical fibre-to-fibre morphism P x Y — > Y . As a consequence, every vertical isomorphism 
$y ( |53D of an associated bundle Y is brought into the form 

$y(v) = ?*(7r(y)) • v, y^ Y , 

where q$(x) is a global section of the group bundle P. In particular, we can show that the 
matrix functions $ A M (x) in the expression (|77|) are local functions of a section g$[ a ] of the 
group bundle LX C TX ® T*X which corresponds to the vertical isomorphism $[a] in the 
expression flBUp. 

Therefore, let us introduce additional dynamic fields q represented by sections of the 
group bundle LX and consider the compositions q ■ h. Then, every vertical gauge transfor- 
mation of q ■ h reads 

$(g • h) = g$ • q ■ h = q' ■ h. 

The field q in the expression ( |78|) exemplifies such a section of LX. 

Thus, we come to RTG in case of a background tetrad field h, the dynamic gravitational 
fields q and the effective tetrad fields H — q-h. The total configuration space of RTG in the 
presence of fermion fields is the jet manifold of the bundle 

Y = LXxCxS h ®St (81) 

XXX 

coordinatized by q^ v , k^ ua , ip A , ip\). Let us consider the gauge transformations of the 
bundle (jSip whose generator is the vector field 



r = + ($/r a A;% - fyr"*^ - M T*fc% - %r°)-|- + (82) 

Cfc ftp 



These transformations act on the metric functions g^ u and the tetrad functions h% of the 
background field h by the law 

<r - r A (9 A (7^ - r h " aA <r - ry^), 

^ - r A («9 A /^ - V h \ x K) + d^irj^h^ - Kh*)h». 

At the same time, they act on the effective metric field q in accordance with the standard 
law of general covariant transformations 



<T -> r A 9 A g^ + d a T"q av + d a T v q^ 
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The total gauge-invariant Lagrangian of RTG can be given by the sum 



Lrg = L AM (q, T) + + L g (q, g) (83) 

of the Lagrangian Lam (0) of the affine-metric gravity and the Lagrangian of fermion 
fields where the metric field a is replaced by the effective metric q ( |79|) and of a Lagrangian L q 
of fields q where contraction is performed by means of the background metric g. Therefore, 
L q is not invariant under familiar general covariant transformations. 
In particular, put 



-X 1 R + X 2 )^\~g~\, L^ = 0, L q = A 3 W* / '/M (84) 



where R = g^ 1 'R a ' mv is the effective scalar curvature of a connection T. Then, the conven- 
tional RTG is recovered. 

Let us examine the SEM conservation laws in the RTG model. Building on the formula 
(2D, we get 

« d x (2T»g Xa — — + d^) + {T x d x g» v - d a r^g au + d a T u g^ — — 



dga „ > ' ^ ~™ * ' a ' » 1 dg 

where U is the generalized Komar superpotential. A glance at this relation shows that, if 
the Lagrangian Lrg contains the Higgs term L q , the energy- momentum flow does not reduce 
to the superpotential, and we have the standard covariant conservation law 



« 0, v 7 ! 9 K = 2 9 a ^- (85) 

In particular, it is brought into the conservation law if g is the Minkowski metric. 
Note that one can express the energy-momentum tensor t ( jS5|) into the tensor 



y/\9\T? = 2q 



dq 



owing to the field equations 



dC RG = dC dC q = Q 

Q q afi Q q an Q g afi 



In particular, if L„ is equal to the Higgs massive term (|81D, we have the relation 



9K= VUI^a + 2*W). 

Let us emphasize that this relation does not depend on the constant A3 which therefore can 
be as small as will. 
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